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Fig. 3 Liquid induced despin and yawing moment vs coning rate.

Discussion of Results

The dependence of both the liquid induced yawing moment
and spin moment with spin rate are similar as shown in Fig. 2.
The spin moment was measured for w= —400 rpm/s and
=0; the yaw moment measurement used &= —320 rpm/s
and Q= —6 rpm/s. Note that both moments increase with
spin rate up to about 2500 rpm and then remain fairly con-
stant at higher spin rates. This general dependence was found
to be similar for all coning rates. The relative independence of
the moments on spin rate at the higher values of spin rate
(representative of actual flight conditions) allows both mo-
ments to be plotted as a function of coning rate as contained
in Fig. 3. This direct proportionality between the yawing
moment and despin moment had previously been conjectured,
but until now, never demonstrated experimentally.

It should be noted that these data apply specifically to a
spin-stabilized artillery projectile. Accordingly, the detailed
effect could be different for payload geometries, sizes, and
rotational motion associated with other spinning flight
vehicles.

The liquid viscosity and coning angle used in these ex-
periments were selected to produce the largest despin and
yawing moments possible on the test fixture. However, the
results are representative of the phenomenon and provide
heretofore unavailable quantitative data for comparison with
theoretical predictions.
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Computerized Generation of
Symbolic Equations of Motion
for Spacecraft

Edwin J. Kreuzer* and Werner O. Schiehlent
University of Stuttgart
Stuttgart, Federal Republic of Germany

Introduction

OR real-time simulations of spacecraft interfacing with

hardware, the application of numerical formalisms is
restricted due to the required computation time. Therefore,
computer programs for the automatic generation of symbolic
equations of motion for spacecraft have been developed, e.g.,
Macala! and Rosenthal and Sherman.? However, from an
engineering point of view, it may be more efficient to extend
an existing well-documented and thoroughly tested terrestrial
multibody formalism to include spacecraft.

A formalism for the generation of symbolic equations of
motion of terrestrial multibody systems have been presented
in Ref. 3. The NEWEUL program based on this formalism
has provided its high reliability for many technical ap-
plications, and can also be extended to orbiting spacecraft.*
The necessary dynamical background is given herein.

Dynamics of Multibody Systems
In Eq. (25) of Ref. 3, the Newton-Euler equations of a
system of p rigid bodies with f degrees of freedom are sum-
marized as

MynJ+k.p,0) =¢ (1.5.0) +Q(n.1)g m

where y is the fx 1 vector of generalized coordinates, and M is
a 6p % finertia matrix given by

M=MJ @ .

Furthermore, the 6p X 6p¥ block-diagonal matrix of masses m;
and inertia tensors I; is

M=diag{m,E,...,m,E, I,,...,I,} 3)

with the 3 x 3 identity matrix E, and the global 6p X f Jacobian -
matrix

VE UL TR/ S /4 LI @

is composed of 3 X f Jacobian matrices J;; and Jg; of trans-
lation and rotation. The 6px 1 vectors k and ¢¢ describe the
gyroscopic and applied forces, respectively. The 6pXxg
distribution matrix Q assigns the g x 1 vector g of generalized
constraint forces to each body of the system. Application of
Lagrange’s form of D’Alembert’s principle leads to a
premultiplication of Eq. (1) with J7 and results in the com-
plete elimination of all constraint forces. Then, the equations
of motion are given by the fx1 second-order vector dif-
ferential equation

My,O)J+k(,0,t) =q(y.),1) &)
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where M is a symmetric, positive-definite fX f inertia matrix,
and k and g are fX 1 vectors of generalized gyroscopic and
applied forces. Equation (5) describes the motion of the
system in terms of the minimal number of differential
equations. For many technical applications, the linearized
equation of motion

My+ (D+G)y+ (K+N)y=h(t) (6)

is sufficient. Here the symmetrical fx f matrices M, D, and K
describe inertia, damping, and stiffness, the skew-
symmetrical fx f matrices G and N represent gyroscopic and
circulatory forces, and A(¢) is the fx 1 excitation vector.

Dynamics of Orbiting Multibody Systems

The dynamics of spacecraft in orbit usually are described
with respect to a moving reference frame tied to the center of
mass of the system. Then, the rotational and internal motion
of the spacecraft are easily separated from the motion of the
origin .of the reference frame (center of mass).. Standard
celestial mechanics may be used to obtain the motion of the
center of mass, independent of the remaining equations of
attitude dynamics. The separation method will be presented
next.

Consider the spacecraft shown in Fig. 1 modeled as a
multibody system. The vector of generalized coordinates is
decomposed as

y=0IynT ' @)

where y,, is a 3 x 1 vector of inertial coordinates describing the

origin of the basebody, and y, is a (f-3)x1 vector of

remaining coordinates.
In an orbiting multibody system, the total of all constraint
forces vanishes. Introducing the 3 X 6p summation matrix

E=[E,...E, }0...0] ¥
of 3 x 3 identity and zero matrices leads to
EQg=0 ®

characterizing the vanishing total of all external constraint
forces. Furthermore, the decompositon of the vector y in
accordance with Eq. (7) yields a corresponding decomposition
of matrix (4):

J=[ET\J,] (10

‘where J, is a 6px (f—3) Jacobian matrix representing the
internal constraints of the orbiting multibody system.

All that remains to be done is to express Eq. (1) by means of
Eq. (10) and apply D’ Alembert’s principle for the elimination
of internal constraint forces and torques.

To begin, the equations for y, read as

my, + EMJ, 3, + EK=Ege (11)
where

m; (12)
1

m=

W Mn

The acceleration ¥, of the basebody is obtained in terms of y,
as

o= (1/m)E(§ —K—MJ,5,) (13)
The remaining equation

JTIM(ET5, +J,5,) +K] =T g (14)
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depends also on y, and y,, however, y, can be replaced byEq.
(13). After this operation, one arrives at the following reduced
system of (f—3) differential equations written in matrix
form:

M, 005, +k(3,,5..8) =G(3,,5,,1) (s
The (f—3) X (f—3) mass matrix follows as
M=JTMI[J,— (1/m)ETEMJ,] (16)

With the 6p X 6p identity matrix bg, the (f—3) x1 vector of
gyroscopic forces is

E=JTE— (1/m)METE\k an
and the (f—3) x 1 vector of applied forces reads as

G=JT [E— (1/m)METE ¢ (18)

" For small motions of time-invariant systems, Eq. (15) can be

linearized, resulting in
My, + (D+G)y, + (K+Nyy, =h(t) (19)

where the symmetrical (f—3)x (f—3) matrices D andK
describe damping and stiffness, the skew-symmetrical (f—
3) X (f—3) matrices G and N represent gyroscopic and cir-
culatory forces, and the (f—3)x 1 exitation vector h(?) is
introduced.

Equation (15) or (19), respectively, describes the dynamics
of an orbiting multibody system. With the formula given in

Basebody
N\

Fig.1 Orbiting multibody system.
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this section, formalisms for terrestrial multibody systems may
be extended to include spacecraft applications.

The NEWEUL Program

The equations presented herein were implemented using the
NEWEUL program for application to orbiting spacecraft.
The program is written in FORTRAN. It uses a special coding
scheme allowing symbolic equation manipulation to produce
a problem-specific FORTRAN code for real-time simulations.

The input required by the NEWEUL program are data
describing the kinematical interconnection of rigid bodies, the
inertia properties of the bodies, and the applied forces and
torques, where

y=fx1 vector of generalized coordinates
r; (,t) =3 x 1 vector of the center of mass C; of body i
S; (»,1) =3 %3 rotation matrix of body-fixed frame with
respect to an inertial frame
m; =mass of body i
I 3% 3 inertia tensor with respect to the center of
mass C;
¥ =3 X1 vector of applied forces on body /
/¢ =3 % 1 vector of applied torques onbody i

All these data can be obtained easily from the system under

consideration. The transformation of the inertia tensor given
with respect to a body-fixed frame into a reference frame can
be performed by the program as well as the calculations
concerning the applied forces and torques. An interactive
dialog system greatly facilitates the entry of all input data,
especially the determination of vectors r; and matrices S;
which is very convenient. There are options for linear or
nonlinear equations of motion.

Example

Due to space limitations, only a simple model of a spin-
stabilized satellite with nutation damper (Fig. 2) is considered.
The model consists of two rigid bodies and two particles: a
basebody K, and a pendulum K, connected to K, at point C,
by a hinge with body-fixed axis. Lines x;, y;, z; ¢i=1,2) are,
respectively, principal axes of inertia of body K, and K, with
respect to their mass centers C; and C,, and x; is assumed
parallel to x,. The particles K; and K, are mounted on
flexible, massless beams along the x; axis of the basebody.
The following generalized coordinates describe the system.

MG=Mi +M2+2  XM3
MGE=1. /MG

ML, 1)=IX4+TX2
MeE,3)=IX2
M2, 2)=2 KAKK2KMI+TYL+IXD
M(2,4)=-AKMS
M(2,5)=AKN3
ST X2
M4, 4)=~HIRKIKMG T +M3I
HC4, 5= MBRKIKMGT
M5, 50 =~ HAKKRAKMG T +M3

D(3,32=D1

G, 2 =-OMKIXL~OMKIY 4+ T Z4X0M~2  KOMKIX2
GC2, 10 =0MKIYL+0MRIXL-TZ4%0M+2  XOMKIXE
GC2,3)=2 XOMXIX2

GC3,2) =2 kOMKIX2

KOL, 83 =—0MXk2KEY 1+ 124 KOMKK2 - DMAK2KIXR

K4, 3 =-(MRK2KTIX2

RO2,;20=2 KOMKK2HARKIKMI-OMAK2KIXL+TZ4
KOMKK2-OMkk2 Rk IX2

K2, 4)=-DMEX2KAKMT

K2, S)=0MXk2KAKM3

K3, 3)=-OMkKk2RIX2+0 1

K(5,5)=03

Fig.3 Listing of the equations of motion.
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PHI, TET =angles of basebody K, with respect to the
inertial spin axis
DEL = angle of pendulum K, with respect to K
XI, ETA =displacement of masspoint K;, K, parallel z,
with respect to K
All angles and displacements are assumed to be small. The
position of the center of mass of the basebody with respect to
an inertial frame is described by three inertial coordinates,
summarized in y, = [X Y Z]7. The basebody is rotating with
constant angular velocity OM*T around z;. Thus, the system
has eight degrees of freedom.
The input data for the NEWEUL program are specified as
follows:
Generalized coordinates

y= [yb.y, 1T=[X Y Z!PHITET DEL XIETA]”
Rotation matrices
S, =8, (PHI,TET,OM*T), S,=S,(S,;,DEL)

Vectors of center of mass

X
r;= Y |i=12

—-A
rs=r;+8 1 O |,ry=r+58; o
XI ETA

where A4 is shown in Fig. 2.
Masses
mi=M, i=1,...,4, m3=m4

Inertia tensors with respect to frame x;,y;,z;

[IXt 0 O
L= O IYl O
0o O 1z1
[ 1X2 o) o)
L=|0 IX2  DEL*IX2 |,I,=I,=0
O DEL*IX2 o)

where IX1, IY1, IZ1, and IX2 are principal moments of
inertia. Due to the spin stabilization there are only internal
applied forces depending on spring constants C1, C2, C3 and
the damping coefficient D1.

From these data, the extended NEWEUL program
generates the linearized equations of motion [Eq. (19)]. The
listing of the output produced by the program is shown in Fig.
3. Only the essential elements different from O are listed.

Conclusion

This Note describes the extension of formalisms, originally
developed for the computerized generation of equations of
motion of terrestrial multibody systems, to orbiting
spacecraft. It is shown how the translational motion of the
system’s basebody can be separated from the rotational and
internal motion. The method is applied to NEWEUL, a
program for generation of symbolic equations of motion of
terrestrial mutlibody systems. An example shows the input
data and the symbolic equations of motion explicitly.
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A Relation Between Liquid Roll
Moment and Liquid Side Moment

Charles H. Murphy*
Ballistic Research Laboratory
Aberdeen Proving Ground, Maryland

Introduction

N the summer of 1974, a 155-mm shell with a liquid

payload was fired with a yawsonde. telemetry unit. This
projectile developed a large amplitude coning motion. When
the coning motion exceeded forty deg, the telemetry record
showed a very rapid despin of 40% in less than five s.! Since
1974, ten more observations of large coning motions and large
despin rates of liquid-filled projectiles have been made.>* In
addition, 36 observations have been made of large coning
motions and despin moments for projectiles with payloads of
liquid-solid mixtures.’ Indeed, all projectiles with liquid or
liquid-solid payloads were observed to perform large coning
motion and to experience large losses in spin.

This characteristic association of a large despin moment
with a-large coning motion for a projectile with a moving
payload can become a diagnostic tool. Miller® suggested using
this tool to determine the existence of small-amplitude, un-
stable, liquid-induced side moments. Spin measurements
made during coning motion on a gyroscope predicted flight
pitch instaiblities caused by very viscous liquids. These were
observed in flight.”

The linear liquid-induced side moment was first computed
by Stewartson® for an inviscid liquid payload by use of
eigenfrequencies determined by the fineness ratio of the
cylindrical container. Wedemeyer® . introduced boundary
layers on the walls of the container and was able to determine
viscous corrections for Stewartson’s eigenfrequencies, which
could then be used in Stewartson’s side moment calculation.
Murphy!® then completed the linear boundary layer theory by
including all pressure and wall shear contributions to the
liquid-induced side moment.

The first theoretical work on liquid-induced roll moments
was done by Vaughn!! in 1978. Although fair agreement was
obtained with Miller’s data, the work was marred by some
hard-to-justify algebraic steps. Recently Vaughn et al.!2
developed an impressive numerical capability for computing
roll moments of very high viscosity liquids and obtained
excellent agreement with Miller’s data. In Ref. 5, the
linearized Navier-Stokes equations were used to develop a
relationship between the liquid side moment and the liquid
roll moment. This relationship can be used to predict the side
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moment from a measured roll moment. It is the purpose of
this Note to give the results of this analysis and illustrate its
predictions with yawsonde data recently analyzed by Pope."?

Liquid Roll Moment

Two coordinate systems will be used in this Note: 1) the
nonrolling aeroballistic X¥YZ system whose X-axis is fixed
along the missile’s axis of symmetry, and 2) the inertial XYZ
system whose X-axis is tangent to the trajectory at time zero.
Both coordinate systems have origins at the center of the
cylindrical payload cavity, which is assumed to be at the
center of mass of the projectile.

Although the general motion of a spinning projectile is the
sum of two coning motions,'® in this Note we will restrict
ourselves to a single coning motion with amplitude «, and
phase angle ¢,. In terms of this coning motion, the liquid
transverse moment and liquid roll moments must be odd and
even functions of «,, respectively, and are assumed to have
the form

M 5+iM,;=m a* $?7(Crsm +iCyy )Kceid)c Y
ML)?=mLazd’2[CLRM0 +7KIC pm ] @

where m, is the mass of liquid in a fully filled container, a is
the maximum radius of the container, ¢ is the spin rate, 7 is
the ratio of coning rate to spin rate, ¢./¢, Cy sy is the liquid
side moment coefficient, C|y is the liquid in-plane moment
coefficient, and K is sin «,.

When the liquid has reached a steady-state rolling and
coning motion, the roll moment must vanish in the absence of
coning motion. Thus C,zy is the steady-state liquid roll
moment coefficient due to coning motion while Cy gy, is the
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: °° o 0 = Despin Data by Miller
©® = CLRM = ~CLSM
-0.04 | ° L
. [e]
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LOGI(Re)

Fig. 1 Cyym from gyroscope tests (Ref. 8), ¢c/a =4.291.

Table 1 Pope’s results

Yawsonde RC 7 CLRM CSMEQ CSMA
4042 2x 108 0.090 —0.05 0.05 <0.01
1339 1.8x10%  0.090 -0.02 0.04 —0.005
1866 45.2 0.123  —0.055 0.050 —0.004
1867 45.2 0.123  —-0.055 0.050 —0.004
1868 45.2 0.123  —0.060 0.053 —0.004
1955 20 0.087 —0.04 0.04 —-0.010
1293 10 0.090 —0.03 0.02 —0.008
1313 10 0.088 —0.02 0.025 —0.008
1585 10 0.091 —0.025 0.02 —~0.008
1587 10 0.093  —0.04 0.02 —0.008
1588 10 0.095 —0.03 0.02 —-0.008
16930 0.094  —0.025 0.025 —-0.005

AFill ratio for 404 was 87%; all others were 100%. bThis projectile contained
white phosphorous-impregnated felt wedges. 14



